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the present framework. 



Keywords: string theory , pure spinors , current algebra , integrability. 



*0n leave from Masaryk University, Brno 



Contents 

|l|. Introduction |l| 

|2|. Pure spinor superstring in AdS^ x S5 |2| 

|3|. Hamiltonian analysis Q 



0| Graded Poisson brackets of the currents ^ 



0. BRST charges and Hamiltonian 



0| Classical BRST generators 



4^ Hamiltonian |TT| 

|5|. Equations of motions [13 

|6|. Conservation and nihilpotency of the BRST charges [15 

[^. Global currents and integrability [18 

|8|. Conclusions |20 



1. Introduction 

Quantization of the type IIB superstring on AdS^ x 5*5 remains an open challenging 
problem. Some progress has been achieved through the pure spinor formalism pro- 
posed by Berkovits |1|, [^, ^, [^ ^. In a recent paper |T^, quantum consistency was 



argued by means of algebraic renormalization arguments. Vertex operators for mass- 
less excitations have been proposed some time ago [0 and checked to be classically 
BRST invariant However, differently to what happens in fiat spacetime [[l^ 



very little or nothing is known so far about the emission vertices of massive states. 



This is a sad state of affairs, in view of the holographic correspondence 0, [15|, [16 
and in particular of the remarkable agreement found in [1^, [1^ ^ between the 
spectrum of single-trace gauge invariant operators in free A/" = 4 SYM and the spec- 
trum of the type IIB superstring on AdS^ x 5*5 extrapolated to the point of higher-spin 



■^For review of pure spinor formalism in superstring theory, see 1^, |7[ |[ ^ [l0| . 
^For review, see pO|, [2I. 
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symmetry enhancement. As always in physics, the situation should improve by fur- 
ther exploiting the symmetries of the background. Because of the presence of the RR 
5-form flux, worldsheet currents are not chirally split as for instance in WZW models. 
The study of their quantum OPE may not forgo a classical analysis, which presents 
some subtleties in view of the non-trivial role of the pure spinor ghosts. For this 
reason, in the present paper, we study the classical algebra encoded in the (graded) 
Poisson brackets of the left-invariant (super)currents = Str{g~^d^gT^) and the 



ghost currents. To this end we resort to a slightly unconventional approach |^ p3 
whereby the spatial components of the (super) currents J^, rather than the super- 
coset representative itself g G PSU{2, 2|4)/S'0(4, 1) x S0{5), are taken as canonical 
variables. Along the way, we identify the first class constraints generating the local 
5*0(4,1) X 5*0(5) symmetry and the gauge transformations arising from the pure 
spinor constraints. We explicitly determine the action of the classical BRST gen- 
erators on the fundamental worldsheet fields and currents. We then show that the 
BRST generators commute with the Hamiltonian and we also prove that these BRST 
generators are nihilpotent along the constraints. A similar analysis in the more stan- 
dard approach with g as canonical variable, has been performed by Chandia for the 



heterotic string in the pure spinor formulation ||24 . 

The plan of the paper is as follows. In Section |] we recall some basic facts 
about the pure spinor formulation of the type IIB superstring on AdS^ x S^. In 
Section H, after identifying the momenta 11^ conjugate to the spatial components of 
the left-invariant currents Jf, we compute the classical graded Poisson brackets of 
the currents in a Hamiltonian approach. In section ^ we study the BRST generators 
and the Hamiltonian of the theory. In section ^, we derive the canonical equations 
of motion and show they are equivalent to the covariant ones for a natural choice of 
the Lagrange multipliers. Conservation and nihilpotency of the BRST charge along 
the constraints are shown in section ^. In section ^ we briefly address the issue of 
global symmetries and integrability in the classical Hamiltonian approach. Section 
H contains our conclusions and indicates perspectives for future work. Finally there 
are two appendices. The first collects our notation and some important features 
of P5[/(2,2|4). The second describes an elementary application of the canonical 
approach presently exploited to the simple case of a free massless boson. 

2. Pure spinor superstring in AdS^ x ^5 



As shown in |TT| , |T2], ^ the classical action for the manifestly covariant superstring 
on 74^5*5 X 5*5 takes the form 

S= - J d^x^Str [Ir^- (J(^)4^) + J« J(^) + J(^)4^)) + 

+ ^ ( 7(1) 7(3) _ 7(3) 7(1: 

4 \^ 
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+iV^P'^Vf + iV^P^V(°) - ]^N^V>"'K - \n^V^''K) , (2.1) 



where we have omitted an overall factor ^ ^IXjlix = ^gsN/n. We have assumed the 
world-sheet to be a flat two dimensional space-time with the metric i] = diag(— 1, 1) 
and labeled the world-sheet coordinates as x^, with /i, i/ = 0, 1. However we also use 
the notation = t, = x and d'^x = dxdt. We have also introduced the (chiral) 
'projectors' 

with e"^ = —e^^ = 1 and the left-invariant (super) currents and ghost fields 

= {9-%9)^T^^ , = i9-%9rT^ , 

J^'^ = i9-%9)-Tc , J^^^ = i9-%9 fn , 

iV^ = - {w„ A} = -w.^X'^ {t^, T^} K^^ = -w.pK^^f^X'^T^ , 

N, = - {w^, a} = -w^^xf^ {t^, t,} = ' (2-3) 

where Ta are the (super)generators of psM(2,2|4), some of whose properties can be 
found in Appendix A, where we define our notation, and K^^ denotes the inverse of 
the Cartan-Killing metric. 

Following Berkovits, the ghost variables A and A are chosen to satisfy the pure 
spinor constraints 

A^7?^A'3 = 0, X^rx^ = 0. (2.4) 
These constraints imply invariance of the action under the gauge transformations 

6w,^V^' = -Acii^)a , Sw^^V''' = -A,(7^)„ , 

Sw^aV^'' = , 6w^aV^' = . (2.5) 

Although a promising and thus far consistent formulation of superstring theories the 
origin of the pure spinor approach is not fully understood. Moreover interpreting 
the pure spinor constraint ( |2.4| ) as the generator of local gauge transformations ( |2.5| ) 
involving {w^, w^) suggests that this symmetry should be gauge fixed at the quantum 
level in some way. There are many proposals as how to deal with the pure spinor 



constraint [|^, |2g, |23, |28|, ^ with no definite widely accepted conclusion. 



^We work in units 2na' = 1. 
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3. Hamiltonian analysis 



In this section we are going to perform the Hamiltonian analysis of the action (pTl 
Our analysis is based on the approach introduced in 
context of the GS superstring in AdS^ x 5*5 in 



and recently used in the 



To begin with note that the left-invariant (super) current defined as J = g ^dg 
satisfies the zero curvature equation 



dJ+J AJ = 



(3.1) 



or explicitly 



df^Ju - d,J^ + [J^, J.] = . (3.2) 
Using this equation we can express the time component of the current Jq as 

diJo + [Ju Jo] = D,Jo = doJi ^ Jo = D^\doJi) . (3.3) 

where Di is defined by the first equality. 

Although slightly unfamiliar, it turns out to be very convenient to choose Ji as 
a canonical variable and then to define the conjugate momentum as the variation of 



the action with respect to d^Ji [Q. If we replace Jq in the action ( p?T|) with (|3] 
and then perform the variation with respect to doJi we obtain 



n.: 



n(o) + n(i) + n(2) + n^^) = 



(3) 



1 



(3.4) 



where we have used the fact that 



d^x^ti[{D^^G)F] 



d^x^ii[G{D~^F)] . 



We can then introduce the equal-time graded Poisson bracket that for two clas- 
sical observables F, G depending on the phase super-space variables Z"^ = J^, 11^ is 
defined as 



{F,G} = {-1 



\F\\A\ 



d^F d^G 



-1)' 



d^G 
dYU'dZ^ 



(3.5) 



where the superscript L denotes left derivation. For the components Ji = JiTa, 
Uj = U^Ta = K'^^UbTa, the above PR's read 



{j^{x),Us{y)} = {-ir\6i6{x~y) 



(3.6) 
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or explicitly 



[jf{x),Ud{y)} = SjSix - y) , 
{J^{x),UM} = -6$6{x-y) , 

{jf(x),n^(l/)} = -5|5(x-y). (3.7) 
It is convenient to define 11"^ as 

= K'^^Ub (3.8) 

and to express as a function of the canonical variables Jf, 11^. With the help of 
( p.4|) we get 

Jo" = -(^iH- + jFn/^/^]^ + Jf n^/^"^ + jfn^/^^ + jf n^/?^) - 1 , 
Jo" = -(9in" + jFn'^/^]^ + n^/|^ + jfn-/^ + jfrn/^) + 1 jf , 
4 = -m^ + jFn^/i^/ + ^fn[^i/|^ + Jfn/^/^^, + Jfu^fy , 



With (|3.9| ) in mind, we observe few important points. Firstly, the expression $ is 
the constraint that reflects invariance of the action under local gauge >S'0(4, 1) x 5*0(5) 
transformations. Secondly, due to the fact that, contrary to the standard GS action, 
the action ( |2.1| ) contains time components of the currents J", J", it is not invariant 
under local k symmetry. As a result, in the present approach, the Hamiltonian 
analysis performed above does not generate the 'troublesome' fermionic constraints 
of the GS approach that cannot be covariantly split into first and second class, the 
former being the generators of k symmetry [^|. Yet, as we will momentarily see, the 



pure spinor constraint could be viewed as the generator of local gauge transformation 
of the w and w conjugate ghosts. 

3.1 Graded Poisson brackets of the currents 

In this subsection we determine the graded algebra of Poisson brackets of the currents 
using ( ^TTD and also ( |3.9|) . 

To begin with, note that by definition, the Poisson bracket between currents 
with spatial components is equal to zero 

{jf{x),J^{y)} = 0. (3.10) 
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Then it is rather straightforward to evaluate the Poisson brackets of Jq{x) and J^{y). 
Using (U) and (jS^) we get 

{ Jo^(x), Jf (i/)} = K^^dJix -y) + J^{x)f^^K''''5{x - y) , (3.11) 

or more explicitly 

{jo"(x), Jf(|/)} = Jf{x)f^^K^^5{x-y) , 
{ Jo"(x), Jf (2/)} = K'^h,5{x -y) + j\^{x)f^pK^n{x - y) , 
mx), Jf{y)} = jf{x)ft,K^5{x - y) , 
{J°(x), jP(y)} = J^,{x)r,^jK\^L\\^5{x-y) , 

|jo"(x), Jf(z/)} = Jf(x)/|.i^"%(a:-y) , 

{ Jo"(^), (y)} = i^'^^9.5(x -y) + J^{x)f^^K^^5{x - y) , 
{jo^(a;), Jf(|/)} = Jf(x)/4i^^5(x-y) , 
{4(x), Jt{y)] = Jt{x)fl-^KH{x - y) , 
[jl{x),Jt{y)] = J'^{x)f%K^H{x-y) , 
{Jl{x), Jf{y)} = K^dJix -y) + j[^\x) f^^K^M^ - y) , 
{Jl{x),j^{y)} = Jf^(x)4,jirfe/l^l5(x-y) , 

{4ix), J^iy)} = J?ix)fl^_^Km^^6ix - y) . (3.12) 

The structure of these PB's deserves some comments. The first important feature 
to notice is that they are not manifestly covariant w.r.t. two dimensional worldsheet 
transformations. This is a consequence of the non covariant equal time Hamiltonian 
formalism. Another feature is the presence of the non ultra-local terms dxS{x — y). 
They arise as a result of our choice of canonical variables. For a better understanding 
of this approach, we will perform in Appendix A a similar analysis in the simplest 
case of a two dimensional free bosonic theory. Finally and very importantly, the PB's 
respect the Z4 grading dictated by the underlying PS'?7(2,2|4) structure. 

Along the same line, we can calculate the Poisson brackets between the constraint 
$ and the spatial currents 

[^^{x), Jt^\y)] = -dJix - y)ir[^[^il - J^ix)f^^^,^K^i^mix - y) , 

{$[£^(x), Jf(|/)} = -jf[x)ffK^-^5{x-y) , 
{$[^(0;), Jr(y)} = -fl{x)f'^^K^-5{x-y) , 

{$^(0;), Jf (y)} = -jKx)f^^KP''5{x - y) , (3.13) 
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that explicitly show how the left-invariant currents transform under the (right) gauge 
transformations generated by 

More involved is the calculation of the Poisson brackets ^Jq{x), J(f (?/)|. Again 
we have to resort on (^]9|) and ( p. 71) as well as on the (anti) symmetry properties 



flsK^'' = -(-l)l^ll^l/i'c^^^i^DBi^^^ = -(-l)l^ll^l/Ici^^^ (3.14) 
and the graded Jacobi identities 

= {-ir'^'^fLfEc + {-ir'^^fEnfSA + {-ir^'^fEnf^B = o . (3.15) 

After straightforward though rather tedious calculations we obtain 

{Jlix), 4{y)} = -{m + nI^^V^'^ + ivi^'p^°)(a;)/[%],ir^5(a; - y) , 
{Jlix), J^{y)} = {4 - 4){x)f%K''-S{x - y) , 
{ Jo-(a;), 4{y)] = (4 + 4Kx)J%K^^6{x - y) , 
{4{x),^^{y)} = -4[x)fl^^Km^5{x-y) (3.16) 

and 

{j-{x\4{y)] = i4-4)ix)f:,K^'s{x-y) , 

[4{x),4iy)} = i4+Jf){x)fiK'^'S{x-y) , 

{ Jo°(x), 4{y)} = -($^ + Nj^V^' + N^V^'){x)f^^K^^5{x - y) , 
{jo"(x),$[^(l/)} = -JJ(x)/4^]irfe/1^5(x-y) , 

{4{x),<^^{y)} = -4{x)f^^fjK^^^^6{x-y) . (3.17) 

Finally we also need the Poisson brackets of the generators of the gauge transforma- 
tions 

{<|.^(x),$fe/l(y)} = -$^(x)/g[^^K[£^fe/]5(x-t/) . (3.18) 

Using the above form of the current algebra, we will momentarily derive the classical 
Hamiltonian and the field equations, and prove the nihilpotency and conservation 
of the classical BRST charges. It is also clear that using the Poisson brackets given 
above we can find the Poisson brackets between the chiral components of the currents 
which are related to and after Wick rotation. We will demonstrate a simple 
instance of this calculation in the next section where we will also calculate the Poisson 
brackets between the BRST charges and some chiral currents. However due to the 
non-chirally split structure of the algebra, for our purposes, it is more convenient to 
work with the Poisson brackets given above. 
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4. BRST charges and Hamiltonian 

In this section, we discuss the Hamiltonian and the BRST charges together with 
their properties. We then derive the classical canonical equations of motion in the 
next section. 

As a first step, we need the action of the BRST charges on the currents and ghost 
fields. To begin with we express N^,N^ using the ghosts and their conjugate 
momenta. Since 

= -TTa , W^^V^"^ = TT^ (4.1) 



we obtain 



Njf^P^i = -n^K^^f^X'' = -iV^ , (4.2) 

where tt, A and tt, A satisfy the canonical Poisson brackets 

{A°(x),7r^(l/)} = 5|5(x-i/) , {X^ix),n^{y)} = 5l5ix-y) . (4.3) 



However one has to consider effect of the pure spinor constraints on the system 
Their presence implies that it is natural to study the classical dynamics of the ghosts 
system as the dynamics of a constrained system. Using ( [4.1| ) and ([4.3|), it is easy to 
see that the constraints 

^A"7^,A^ |.^=1aS^,A^ (4.4) 



generate the gauge transformations (|2.5| ) since 

mx),My)} = l%X^ynx-y) ,{n^),n^iy)}=^|^^y)6{x-^ . (4.5) 

Using ( [4.5|) we also obtain 

{<^^-{x),N^\y)} = -$^(a;)/f^K^[^5(x-i/) , 

{^^ix),N^iy)} = -<|.^(x)/|^ir^l^l5(x - y) . (4.6) 

In the same way we can show that 

{<l>^(x), $%)} = , {^'-{x), ^^{y)} = . (4.7) 
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This result implies that the pure spinor constraints are first class. 

Let us then consider the Poisson bracket oi with the ghost variables. Using 
the explicit form of given in ( |3.9|) and also (|4.2| ) together with ( ^4.3|) we obtain 

\^{y)} = -X^{x)f^^K^n{x - y) (4.8) 

that explicitly demonstrates that A, A transform nontrivially under S'0(4, 1) x 5*0(5) 
gauge transformations. Moreover, ( [4.8|) also implies 

{^^{x),^^-{y)] = <^l{x)ff^K^^^6{x-y) , 

= Uix)ff^K^^^S{x-y) . (4.9) 

Then ( glSD , (|47| ) and (|4|) show that ^\^\^^,^^ consist of only first class con- 
straints. This fact will be important below. 

For later purposes we here determine the following Poisson brackets 

{$[^(x),7r^(l/)} = i^[^fe/]/^^j^vr,(y)5(x-y) , 

{<^^ix),fc^{y)} = K^knfymy)6{x-y) (4.10) 

and 

{^l^(x),Nl^\y)} = -N^l!i\y)f^^^K^m5{x-y) , (4.11) 

{^^{x),m\y)} = -N^^^{y)flg^K^^-^^mx-y) . (4.12) 
4.1 Classical BRST generators 

We are ready to study the action of the BRST charges on the fundamental fields 
that appear in the action (|2.1| ). As shown in |[Tl|, |12|, ^ the BRST charges take the 
form 

Qr = J dxX'K^^r^V^'' = - j dx\^K^p[4 + Jf] , 
Ql = j dx^K^^^J^V^' = -J dxX'^KjjS - Jf] . (4.13) 
Then using the Poisson brackets determined in the previous section we easily get 

{Qr, Jfiy)} = -^''Jhy)fi0 , {Ql, Jfiy)} = -Avf (y)/,^, , 
{Qr, 4{y)} = -A"Jo^(?/)/i , {Ql, 4{y)} = -x-Jo'{y)f^, , 
{Qr, Jiiy)} = -^^JKy)fL , {Ql, J^y)} = -^^JKy)fl_ , 

{Ql, J^{y)] = d,r{y) + J^\\y)f^p = ViA"(y) , 

{Qr. J?{y)] = drX\y) + JFa^(z/)/^]^ = Vi\\y) (4.14) 
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where ViX^ = diX^ + and also 

{Qr, 4{y)} = A^($^ + Njf^v^' + Nfv^'mf^^ + Vir (y) , 
[QL.J^{y)} = -X'Jl{y)fL- (4.15) 
It turns out that we will also need the following Poisson brackets 

{QL,JF(y)} = A"J7(y)/.^, 

{QR,j'f{y)] = \^4{y)fg. (4.16) 

The Poisson bracket between BRST charges and ghost fields can be easily worked 
out using (|4.3| ) and we obtain 

[QiL,R)A%y)} = [Q(,L,R)A\y)} = Q , 

{Ql^tiM} = -K.[4 - Aiy) > {QR,^a{y)} = , 



{QrAM} = -K&p[4 + Ji]{y) , {QL.^a{y)] = o . (4.17) 

In the same way we can determine the Poisson brackets between BRST charges and 



i3a 



{QR,N^\y)] = [4 + Any)f^ . (4.18) 

Before we conclude this section we would like to briefiy discuss the BRST trans- 
formations of the (light-cone) components of the currents 

Jt = ^{4±4) . (4.19) 

It is rather straightforward to calculate the action of the BRST charges Qr, Ql on 
the (chiral) currents J^. For illustration, let us consider the action of the charge 
Q = Qr + Ql on the current Jj. Using ( [4.14| ) we obtain 

{Q, J%{y)} = -AVf (y)/f^ - X-4{y)f^p , 

{Q, JHy)} = -A" j"(2/)/.> - AV^(z/)/r. . (4.20) 



In the same way we can calculate the action of the BRST charge Q on all remaining 
currents. Since the procedure is straightforward we will not report it here. However 
we have to stress one important point. It can be easily shown that the action of the 
BRST charges on the chiral currents that in the canonical formalism is defined as 
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the Poisson bracket between BRST charge Q and corresponding current, does not 



fully coincide with the BRST transformation of currents given in [jTT[. This follows 
from the fact that our calculation is based on Hamiltonian formalism that is not 
manifestly covariant. Secondly, the transformation of the currents given in [jlT| is a 



combination of a BRST transformation and a gauge transformation. Unfortunately 
it is not completely clear to us how these transformations are related to the BRST 
transformations given here. 

4.2 Hamiltonian 

At this point we are ready to determine the Hamiltonian for the pure spinor string 
in AdS^ X 5*5. Using the supergroup notation, we define the matter part of the 
Hamiltonian as 



H^^u = jdx^tr{d,J,U-C„.^u) = jdx{^- 



-\-Jq Jq J\p^ + Ji J\^p + Ji J\p^ 



(4.21) 



In the same way we define the ghost part of the Hamiltonian as 

Hghost = J dx (tT^^oA" + Vr&SoA" - Cghosts) = 

J dx (-7r„9iA" + TT^^iA" + N^K^]\,jjm^) (4.22) 

using the fact that 

iV|^P^"i^^]fe/]#^ = -N^K^^[,jjm^ . (4.23) 

Finally we introduce the Hamiltonian that corresponds to the 5*0(4, 1) x 5*0(5) gauge 
symmetry constraints and to the pure spinor constraints (|4.4|) 

H^oset = J dxT[,ji^^ , 

Hpure = f dx{T,^^ + f,<l>^) , (4.24) 



where , , f c are some a priori arbitrary functions of the phase space variables 
{Jf, Ha, a, a, tt, tt) ^. Then the total Hamiltonian is equal to 

H = Hmatt + Hghost + Hcons ■ (4-25) 



^It would be certainly interesting to perform a "more symmetric" analysis, whereby the gen- 
eralized BRST operators include the constraints <i)[^, as suggested in Q. We leave this 
analysis to future work. 
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The general theory of constrained systems requires that one make sure that the time 



evolution of the constraints does not generate any additional (secondary) ones 
Let us begin with and prove that 

[^^{x),h}^0, (4.26) 

where ~ means that this Poisson bracket vanishes on constraint surface = 0. 

Firstly, it can be explicitly shown, using the Poisson brackets given in the pre- 
vious section that 

{<l>^(x), H^att + Hghost} = . (4.27) 

This result can be also considered as a consequence of the fact that Hmatt + Hghost 
are manifestly gauge invariant. On the other hand the Poisson bracket of $'—1 with 
Hcoset is equal to 

+ r[,/]i^[^^ll^^/g^$^(x)^0, (4.28) 

where we have used ( ^.181 ). Finally, the Poisson bracket between and Hpure can 
be easily calculated with the help of ( |4.9|) and we get 

{<!>^{x),H,^re} = J dy{{<^^{x),r^{y)}<l>^{y) + {<!>^{x),t{y)}^Hy)) + 

^e^^i^)fj^K^^ + tMix)ff^K^^ ^ (.4.29) 

In other words the Poisson bracket between and H vanishes on constraint sur- 
face and hence the time evolution of does not generate additional secondary 
constraint. 

The situation is slightly more complicated in case of the pure spinor constraints 
( W^ - In fact, it is easy to see, using ( [4.6|) that 

{$^(a;), H^att} ~ , {<l>^(a;), H^att} ~ . (4.30) 

Moreover, we can also show in the same way as in (|4.29|) that the Poisson bracket 
between pure spinor constraints and Hcoset vanishes on constraint surface. Finally, 
using ( [4.7| ) we can show that 

{$KX), Hp^re} = {H^), H,^re} = . (4.31) 

On the other hand the Poisson brackets between $- and Hghost are equal to 
mx),Hg,^,,} = -d,X^^%\^{x) - $^4^]iVfeX](x) = 

-d^^--{x) - ^%^f^m\x) , 

dM^) - ^-fLnN^H^) , (4.32) 



{<l>^(x), = d,X^^l^\^{x) - ^'-fl^^N\^f-\x) 
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where we have used ( |4.5|) and ( [4.6|) . We momentarily argue that these expressions 
vanish along the constraints $- = <l>- = 0. It is obvious that this is true for the second 
terms on the second and the fourth line in ([4.32| ). In order to clearly demonstrate 



that the first term on the second line in ( ^4.32| ) vanishes along the constraints as well, 
note that it can be written as 

di^^ix) = lim , / A ^-{x') - $^(a;)) . (4.33) 

x'^x i^X — X) 

In other words we can interpret this term as a difference of the constraints at different 
points X = x'. Since the constraint functions have to vanish for all x it is now clear 
that this difference vanishes as well. In the same way we can argue that the first term 



on the fourth line in (|4.32|) vanishes on the constraint surface $- = 0. In summary, 



the time evolution of the pure spinor constraints does not generate new secondary 
constraints. 

5. Equations of motions 



Using the form of the Hamiltonian ( |4.25| ) and the known Poisson brackets it is easy 



to determine the classical equations of motion for currents and ghosts. We explicitly 
determine these equations and show that they coincide with the equations of motion 
derived in the Lagrangian formalism |TT|, for an appropriate choice of the 

gauge parameters, 

V^-'V.Jl'^ + [Jf , iV^]^'^'^ + [Jf , N,]V^'' = , (5.1) 

V^'V.Jl'^ + [4'\N,]V^'' + [4'\N,]V^'' = , (5.2) 

pM^V^ J(2) - e>^''[4'\ J«] + [Ji'\N^]V^'' + [Ji'\N,]V'''' = , (5.3) 

V'^'V^Ji'^ + e>'''[.Jl^\ 4'^] + [.4'\N^]V'''' + [J(2), jV^jp/^- = , (5.4) 

V^''VuX + V'"'[X,N,]=0 , (5.5) 

V^''V4X + V'"'[X,N,]=0 , (5.6) 



where 



v,\ = d,\ + [jf\\], v;\ = d;\+[jfK\], (5.7) 



and where we also used the notations defined in ( |2.3| ). 

Let us now turn our attention onto the Hamiltonian formalism. Recall that the 
time dependence of any classical observable is governed by the equation 

doX = {X,H} . (5.8) 
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We must also stress that we will write the resulting form of the equations of motion 
that is valid along the constraints $^^1 = $- = $- = 0. 

Let us start with the equation of motion for A"", A°. Using 



{X^{x),N^^\y)} = K-^f^X^{x)6{x -y) (5.9) 



and 



{\^{x),m{y)} = K^f'f^X\x)5ix-y) (5.10) 
and also using ( [4.25|) we easily get the equation of motion for A" 

9oA° = {A^ H} = -9iA" - J^Xy^, - iV^lAV^, + T^Xy^fK^" . (5.11) 

As we know are arbitrary functions that reflect the gauge invariance of the 
theory. However we can fix the form of these parameters Fjcdj in order to obtain the 
form of the equation of motion that coincide with the covariant equation (|5.5| ). Using 
the fact that 

r^AV^^i^^" = rt^AV^, (5.12) 

and by comparing (|0| ) with ( |5.11| ) we see that it is natural to take 

= (5,13) 

In what follows we will assume the choice ( p.l3| ) that in the end will lead to the 
equivalence of the equations of motion derived from the Hamiltonian formalism with 
the ones derived using the Lagrangian formalism. 

The equation of motion for A can be easily derived as in the case of the ghost A 
and it coincides with ( |5.6| ) with the help of ( |5.13| ). 

In the following, we will derive the equations of motion for matter variables J'-*-' 
using the Poisson brackets derived in the previous section and the matter Hamiltonian 
in O. 

Let us start with the equation of motion for Jf 

doJf={Jl,H} = 

diJ§ + Jl'~Jof\ef]d + -^l-^of^p + Jl Jo fa/3 ~ Jlf\ef\d (5-14) 

that can be also written as 

-WoJ? + V, + [Jf\ Jf^] + [jf \ 4'^] = . (5.15) 
On the other hand the equation of motion for J§ is more involved and takes the form 
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or equivalently 

Vi Jf ) - Vo + N,]V^^ + [J'^\N,]V^'' - J(=^)] + [jf \ J(^)] = . (5.17) 



On the one hand, if we sum (|5.15|) with ( |5.17| ) we obtain the equation that coincides 



with ( |5.3|) . On the other hand, if we take the difference of equations ( p.l5| ) and ( ^.17] ) 
we get an equation that coincides with ( |5.4|) . 



Let us now consider the equation of motion for J". After some manipulations it 
can be written as 

+ N^\P^- + [J«, iV^]P^^ = . (5.18) 

In the same way we can proceed with the equations of motion for Jq that in the 
compact notation takes the form 

- Vo ) + [J['\ - Jf\ = . (5.19) 



It is easy to see that the if we add together ( |5.18| ) with ( p. 191 ) we derive the equation 



In the same way we can show that the equations of motion for J", Jq derived 



in the Hamiltonian formalism imply the equation (1571 



6. Conservation and nihilpotency of the BRST charges 

In this section we will show that the commutator of the BRST charges Qr, Ql with 
the Hamiltonian vanishes provided the dynamics is restricted to satisfy the local 
S0{4:, 1) X 5*0(5) constraint = and the pure spinor constraint for the ghost 
fields. As a first step, we determine the Poisson bracket between Hmatt and Ql. 
Using the Poisson brackets given in ( |4.14| ), ( |4.15| ) and ( ^.16] ) we obtain 



{QL,H^au} = J dx{-dr\^K^^{4 - Jf) + {4 - jh^y^^K^MjN^^^ 

+ X^^^f-^K^^4 + X^N^^f^^K^^{4 + 4)) . (6.1) 

On the other hand the Poisson bracket of Ql with H ghost can be easily worked 
out using ( |4.17|) and ( [4.18| ) and we get 



{QL.Hghost} = J dx{d,X-Kj4 - Jf] - [4 - jf]A"/^^ir^[e/]iV^Il) . (6.2) 
Finally the Poisson bracket of with Hcoset is equal to 

{QL,H,oset} = J dx{QL,ri^{x)}<^^{x) , (6.3) 



15 



where we have used the fact that ^Ql, = 0. In the same way we can show 

that 

{QL,Hj,^re} ^0 . (6.4) 

Collecting all these results we obtain that the commutator of Ql with H is equal to 

{Ql,h} = J rfx(AV"^ir„^Jo^ + {g^,r^(x)})<i>^(x) 

+ J dxXm^f^^^K^^{4 + 4) . (6.5) 

The expression on the first line in (|6.5| ) is proportional to that is zero on the 
constraint surface. On the other hand using the explicit form of we can rewrite 
the expression on the second line in ( |6.5| ), omitting the factor K^^{Jq — JiY , as 

A^A^I^/^, = 7,pK^'Pf^X'f^,\^ = ^-KpK^'^fliX'f^X^) , (6.6) 

where in the final step we have used the generalized Jacobi identity ( ^.ISj ). However 
since /f^ = 2(7-)^^ we obtain that the BRST charge Ql is conserved on the constraint 
surface 

<l>[^ = = . (6.7) 

In the same way we can calculate the Poisson bracket of Qr with H and we 
obtain 



{Qr,H} = I dx{-jf\\x)K^s.f^^ + {gij,r^](x)})$^(x) 

- j dxN^f^rX^KUJo + J?) ■ (6.8) 

The expression on the first line in ( |6.8| ) is again proportional to the constraint 
and hence it vanishes on the constraint surface = 0. On the other hand the 
expression on the second line is proportional to 

= ^7^,K^'flCxy^-rx^) ~ (6.9) 

and we see that the Hamiltonian 'commutes' or, rather, is in involution with Qr 
along the constraints. In other words we have shown that the BRST charges are 
conserved as expected for any generator of a global symmetries. 

It is also important to prove that the BRST charges are nihilpotent at least on 
the constraint surfaces = $^ = = 0. In other words we have to show that the 
Poisson brackets between Qr,Ql vanish or they are proportional to generators of 
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gauge transformations. In fact, using the known form of the Poisson bracket between 
BRST generator Ql and the currents we easily obtain 



= j dxX'^K^^f^X'^lJl-Jf] . (6.10) 

Using the fact that 

A°ir^^/4A^ = Xy^^X-K^ ~ (6.11) 

we obtain the resuh that the BRST charge Ql is nihilpotent as a consequence of 
the pure spinor constraint ( [4.4|) . We would like to stress that our proof that Ql is 
nihilpotent is valid even if all fields are off-shell. It only relies on the local 5'0(4, 1) x 
5*0(5) and pure spinor constraints. 

In case of Qr we proceed in the same way and we find that Q^ is nihilpotent as 

well. 

Finally, we can calculate the Poisson bracket between Qji and Ql 

{Ql,Qr} = -J dxX''K^4{QL,J^{x)} + {QL,Jnx)}] = 

= - j dxX'Ks^o.X^^^ +N^+ N^)f^^ . (6.12) 

It is convenient to rewrite the term proportional to as 

-A-'iVk^/-^ = -lxy'-,X'f^jK^^7,p ~ $^ (6.13) 

and we see that it vanishes on the constraint surface $- = 0. In the same way we 
can show 

-X^K^^N^f^^^ = -h^irxhin^K-'^K^^ ~ (6.14) 



IS 



that vanishes on the constraint surface $- = 0. Finally, the first term in ( 6.12 
proportional to ' and hence it vanishes on the constraint surface = 0. 

Let us summarize the results presented in this section. We have shown that 
the Poisson brackets between BRST generators vanish on the constraint surface. It 
is important that this result holds without assuming that the fundamental fields 
obey the equations of motion. We also hope that this result can be considered as 
an additional support to the analysis performed in [|T^. It would be certainly very 
interesting to extend this analysis to the full quantum theory and further explore the 
consequence of the non-chiral splitting of the currents. 
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7. Global currents and integrability 



We would now like to study the classically conserved local currents, that generate 
global PS'L'^(2, 2|4) transformations, and their non-local extensions, whose conserva- 
tion strongly supports classical integrability of the theory |^ ^ ^ ^ ^ 
within the present approach. 

In the covariant pure spinor formalism the problem has been studied by Vallilo 
^ . One starts with a new set of left-invariant currents J{u) satisfying the flatness 



condition 

dJ + JAJ = (7.1) 

for any value of the spectral parameter u with the 'initial' condition J(0) = J = 
g~^dg. Making an ansatz of the form 

+ \PAKu)r^^'^ + + c{u)r^'''^ + d{u)N''] (7.2) 

and imposing flatness, using flatness of J^(0) and the classical field equations, derived 
above in a Hamiltonian form or in |5B|, |T2|, ^ in a Lagrangian form, one gets^ 

a = e" - 1 5 = e"'' - 1 

c = e"/2 _ 1 c = e-=^"/2 - 1 

ci = e^" - 1 d = e-2« - 1 (7.3) 

so that eventually 

J^{u) = + {r]^^{cosh.u - 1) + e^j, sinhw) J''^^^ + 

(r/^^(coshMe"/^ - 1) + e^^ sinhwe^/^) J'^^^) + 
(77^^(coshMe-"/2 _ 1) + sinhMe-"/2)jK3) + 

+ sinh ue^'V^^N'^ - sinh ue-"P/,^iV'^ 

(7.4) 



Flatness of the current J implies integrability for any u of the equation 

D,X = (7.5) 
where t)^ = + J^. It turns out to be convenient to exploit the combination 

(^tjiud^'x = -(^^lvJ''x + ud^,x + uJ^x ■ (7-6) 

^Our spectral parameter u is related to the spectral parameter /i of by ^ = e". Note also 
that we have chosen one particular solution from the ones found in in order to obey the initial 
condition J^(0) — J^. It is remarkable that the classical theory admits the same two one-parameter 
families of flat currents if one sets the contribution of the pure spinor ghost N to zero. 
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Setting A^{u) = J^{u) — J^ = ug '^ai^,{u)g (since ^4^(0) = 0) one gets 

(^^wd^igx) = ud^igx) + iu'^a^{u) - ue^,^a''{u)){gx) ■ 
Expanding x and in powers of u around u = 0, one gets 

n-l 



k=0 



(7.7) 

(7.8) 
(7.9) 



(^t,ud'"{gxn) = d^{gxn-i] 
The lowest order yields 

n = d^{gxo) = 

that implies xo = Cg^-^, where C is a constant that we can set to C = 1 henceforth 
for simplicity. Plugging the latter in the second equation yields 

n = l e^^d^igxi) = -e^^a^ (7.10) 

which in turn implies that j^^ = e^^a^ is a classically conserved local current. In the 
pure spinor approach one finds 



J/.,o = 9 



Notice the difference w.r.t. the GS approach where 



9 



(7.11) 



(7.12) 



in addition to the pure spinor contribution, absent in the GS approach, there is also 
an extra contribution in jj^^ and Jjj^^ since they appear in the kinetic term and not 
only in the WZ term, as required by k, symmetry which is instead fixed in the pure 
spinor approach. 

The components j^Q = StriT^j^fi) of the conserved currents are expected to sat- 
isfy classical graded Poisson brackets encoding the structure of the global PSU (2, 2|4) 
algebra. 

As anticipated the procedure can be pushed forward to identify the non-local 
currents. The first one arises at the next order where one finds 



JiM = e^,yd''{gx2) = -e/.i.(ao^Xi + ^i) 



(7.13) 



where 
a 



1 = + liJ^^^ + 4'^) + ^e,.(r(^) - J^(^)) + V.^N'^ + V,.N^]g-' (7.14) 



and 
so that 



9Xi 



J If, 



^fivO'i 



(7.15) 
(7.16) 



and so on. 

The classically conserved non local currents generate a Yangian that has been 



studied for instance in [B^, BS 
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8. Conclusions 



The present investigation has been devoted to a classical Hamiltonian analysis of the 
type IIB superstring on AdS^ x 5*^ in the pure spinor approach. Following p^] , 
we have taken the spatial components of the (super) currents as canonical variables. 
In particular, we have computed the classical graded Poisson brackets of the left- 
invariant (super) currents and identified the first class constraints associated to the 
gauging of S'0(4, 1) x S0{5). We have then studied the properties of the BRST 
generators and the Hamiltonian that governs the dynamics of the system compatibly 
with the local S0{4, 1) x 5*0(5) and pure spinor constraints. Contrary to the stan- 
dard GS approach, whereby fermionic constraints are both first and second class, 
the former being associated to local k symmetry, the latter to the Dirac constraint, 
all the constraints we have found are first class and can be interpreted as gener- 
ators of local symmetries. They appear in the classical Hamiltonian via suitable 
Lagrange multipliers. For a natural choice of the latter, we have satisfactorily shown 
equivalence of the canonical equations of motion with the covariant ones. Finally we 
have briefly discussed the global symmetries and the issue of integrability within the 
present framework. 

It would be very interesting to further study the structure of the classical global 
algebra, that includes the global P5'f/(2,2|4) symmetry, and its representations. A 
crucial step towards understanding the structure and classifying the classical string 
configurations ("motions") is determining the action of the currents on the funda- 
mental fields, either the coset representative g or the spatial components of the 
left-invariant (super) currents, and ghosts. The latter are inescapably tangled with 
the 'matter' fields due to their non trivial transformations under space-time sym- 
metries. One could then tackle the much harder issue of quantizing the string in 
this background and, in particular, finding the spectrum of excitations beyond the 
"massless" supergravity states. 
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Appendix A: Properties of PSU{2,2\4:) 



In this Appendix, we briefly review the properties of the superalgebra psM(2,2|4), 



for more details we recommend the papers |11, 12, 31, 34 



The generators of psu{2, 2|4) satisfy the graded commutation relations 

TaTb - (-l)l^ll^lTBrA = f^sTc , (8.1) 

The (super)index A = (c, [cd\,c', [c'd'],a,a) runs over the tangent space indices 
of the super-Lie algebra of PSU{2, 2|4), so that (c, [cd\) with c,d = 0, . . . ,4 describe 
the SO {4, 2) isometrics of AdS^ and (c', [c'd']) with c',d' = 5 . . . ,9 describe the 5*0(6) 
isometrics of S^. We also preserve the notation a and a for the two 16-component 
Majorana-Weyl spinors. Finally, c stands either for c or c' (10 (pseudo)translations). 
In the same way [cd\ stands either for [cd] or for [c'd'] (10+10 (pseudo)rotations'). 

The non-vanishing structure constants f^^ are 

= = h-fvs ' &'f^ = = -h''f'V5 ~ 

•'a/3 •'/3a ^ Ja^'y/B ' J a/S J /3a ^ ^ )a"-yl3 ' 

fP = -fP = -(^ \ .A/3/3 ^ _fP^ ^ \ r/3/3 

J ac J ca 2^1c)al3<J i J ac J ca 2^^-'^P ' 

f\-n _ ir[e./] Ae'd'] _ .f] J _ _ fl - „ , f^L 

Jed — 2 d. ! Jc'd' — 2 ^ ' •'[crf]e~ ie[cd] ~ '/e[c'^d] ) 

f^a ~ ~fa\cc[\ ~ 2^'ycd)a ' /^a ~ ~f&\cS^ ~ '^^'IcdJsi ■ (8-2) 

The graded-symmetric Cartan-Killing supermetric 

Kab = Str(T4TB) = (-l)l^ll^lirBA , (8.3) 

with \A\ = 1 if y4 is associated to a Grassmann odd generator and |A| = if it is 
Grassmann even. 

An essential feature of the superalgebra ps-u(2,2|4) is that it admits Z4 auto- 
morphism Q such that the condition QiTi) = Ti. determines the maximal subgroup 
S'0(4, 1) X 5*0(5) that has to be quotiented in the definition of the coset. 

The Z4 authomorphism Q allows us to decompose the superalgebra Q as 

g = no®ni®n2®n3 , (8.4) 

where Hp denotes the eigenspace of fl such that if hp G Hp then 

0(hp) = iPhp . (8.5) 
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As we have argued above fi(ho) = ho determines Hq = 50(4, 1) x 5*0(5). H2 
includes the remaining bosonic generators of the superalgebra, while 7^1,7^3 consist 
of the fermionic generators of the algebra. The authomorphism Q also implies a Z4 
grading of the (anti) commutation relations 



[Hp, Hq] G Hp+q (mod 4) • 

The generators of subspaces H^^^ are denoted as 

nj _ rp nj , rp nj , rp 



Then we can write the current as 



.6) 



(8.7) 



Jp — Jp Ta — J^j,^ ~\~ Jp^ ~\' Jp^ ~\~ Jp'^ 1 

t(0) _ j\c^rTi t(1) _ jarj, t(2) _ JCrp 



4=^) = J"T^ , (8.9) 



where A = {a,a,c, [cd\) and where J^, are Grassmann odd vectors, while Jj^, 
Jji are Grassmann even vectors. The Killing form {Tip, Tig), defined in terms of a 
supertrace'', is also Z4 invariant and hence we have 



{Hp, Hq) = , unless p + q = mod 4 . 



Using the relation ( p.lOl ) we find that the the Cartan-Killing (super)metric (|8 
takes the form 

/ \ 

k 



(8.10) 



K 



AB 



af3 

r/ed 

V /€A/3 y 



8.11) 



Finally we also note that the structure constant of the psM(2,2|4) algebra obey the 
graded (anti) symmetry property 



IabKdc 



-1) Jba-^dc 



-|n|B||C|/-D 

■1) 'Jac^db 



(8.12) 



Appendix B: Illustration of the Hamiltonian procedure 

In this appendix we will demonstrate that the canonical approach given in section 
H can be easily applied to the case of a free massless boson^. Let us start with the 
action 




(8.13) 



^We define the supertrace Str in such a way that Str(M) = TrA—TiB if M is an even supermatrix 
and Str(Af) = TrA + TrB if M is an odd supermatrix. 
*We thank H. Samtleben for e-mail exchange on this. 
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In the standard Hamiltonian treatment we consider as canonical variable with the 
conjugate momentum P = do4> and with the standard Poisson brackets 

{^{x),P{y)} = 6{x-y) . (8.14) 

On the other hand let us introduce the group element g = e^. Then 

Ja. = g'^df^g = d^cf) (8.15) 

and hence the action (|8.13| ) can be written as 



^ =\j d'^^Uojo - iiii) (8.16) 
It is obvious that the current obeys the flatness condition 

d^,3u-d,j, = Q (8.17) 

that allows one to express jo as 

Jo = ^d^ji (8.18) 

Oi 

and hence we can interpret ji as canonical variable. If we define the conjugate 



momentum as vr = 5S/Sdoj and use ( ^.18|) we obtain 



^ = > (8-19) 

^1 



where it is understood that ji obeys appropriate boundary conditions. We define 
the canonical Poisson bracket according to 

{jiix),7riy)} = 6{x-y) . (8.20) 

Inverting (|8.19|) we obtain 



-dm = jo (8.21) 

and hence 

{jo{x),ji{y)} = dJ{x-y) . (8.22) 

On the other hand jo = (p = P , ji = di(p and hence using {(p{x), P{y)} = S{x — y) 
we obtain 

{jo(x), Ji(y)} = {P(x), dy<Piy)} = -dy5ix -y)= dj{x - y) (8.23) 

that coincides with ( ^.22| ). The only subtlety one has to take into account is the 
presence of the zero modes of (f) and vr. Luckily they are finite in number and can be 
dealt with separately in connection with the choice of boundary conditions. 
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